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A model system for classical fluids out of equilibrium, referred to as a dissipative particles dyri@mRBs
solid, is studied by analytical and simulation methods. The time evolution of a DPD particle is described by a
fluctuating heat equation. This DPD solid with transport based on collisional trghgfardensity mechanism
is complementary to the Lorentz gas with only kinetic translaiv-density mechanisin Combination of
both models covers the qualitative behavior of transport properties of classical fluids over the full-density
range. The heat diffusivity is calculated using a mean-field theory, leading to a linear-density dependence of
this transport coefficient, which is exact at high densities. Subleading density corrections are obtained as well.
At lower densities the model has a conductivity threshold below which heat conduction is absent. The observed
threshold is explained in terms of percolation diffusion on a random proximity network. The geometrical
structure of this network is the same as in continuum percolation of completely overlapping spheres, but the
dynamics on this network differs from continuum percolation diffusion. Furthermore, the kinetic theory for
DPD is extended to the generalized hydrodynamic regime, where the wave-number-dependent decay rates of
the Fourier modes of the energy and temperature fields are calculated.
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[. INTRODUCTION ent mesoscopic models and techniques, such as DPD,
smooth particle hydrodynamics, cellular automata and lattice

The Lorentz gas, describing the self-diffusion of a moving . o
particle in a random array of scatterers, has played an impogases, lattice Boltzmann methods, etc. offer possibilities to
xplore these larger scales. For that reason the DPD tech-

tant role in understanding the transport properties of classical’ - . ; .
fluids and in developing and quantifying the role of corre-Nidue was originally introducefl] as a mesoscopic particle

lated sequences of binary collisiofring collisiong and in method for simulating complex fluids and colloidal suspen-

extending the kinetic theory to moderately dense fluite sions. It is therefore important to provide a theoretical analy-
[1-5] and references thergin sis of such systems, as will be done in this paper.

The Lorentz gas contains only the mechanisikioktic The idea of the method is that each DRint) particle

L . . represents a mesoscopic portion of fluid. The interactions
transport, Wh'Ch is the most important transport mecham:?‘ mong these point particles have no hard core and are softly
at low densities. In dense fluids there is a second mechanis

o . Isive. The lack of hard-core interactions allows time-
for transport, callectollisional tra.nsfer[ﬁ], through which Eégpl:-firi\?en a?go?i?hmo$8].alr? fr?eeorigt;?nglc;tfgmiu?at(i)ons tLe €
energy and momentum are instantaneously transferrégpp particle is described in terms of its position and veloc-
through the interactions between particles within each othyy with three different types of interactions: conservative,
er's force range. This is the dominant mechanism at highyissipative, and stochastic. The forces between particles are
densities. pairwise, such that mass and momentum are conserved, but

In this paper we discuss a modebmplementaryo the  energy is not. This formulation is restricted to isothermal
Lorentz gas, which contains only the mechanism of colli-problems, but describes a proper hydrodynamic behavior for
sional transfer and for which transport properties can beiscous fluids[8—11] in a large number of problems. The
evaluated exactly in the high-density limit. It is also impor- method has also been successful in describing properties of
tant to develop systematic theories for subleading large dercolloidal suspension$12,13, polymer solutions[14,15,
sity corrections. The combination of both complementaryphase separatidi6,17, or membrane§l8,19. In standard
models—the Lorentz gas and the dissipative particles dybPD the forces are Gaussian white noise, which have been
namics(DPD) solid—might be able to describe the qualita- recently extended to colored noig20].
tive density dependence of transport properties of classical A generalization of the model to include energy conserva-
fluids over the full range from low to high densities. tion has been proposed as WElM,22) in order to describe

Before introducing the random DPD solid we briefly dis- heat flows and other thermal effects in fluids out of equilib-
cuss the relevance of DPD models for the study of classicalium. In the picture where DPD particles are understood as
fluids. This stems from the great interest in computer simudroplets or mesoscopic clusters of microscopic particles, one
lations of complex fluids and quenched random mediacan consider the kinetic energy lost in dissipative interactions
which are challenging problems as several different spacas being transformed into energy of internal degrees of free-
and timescales may be involved. Fully atomistic simulationsdom of a particle. The number of internal states of a DPD
of such systems fail in reaching the larger scales, and differparticle with energye, exds(e)/kg], is modeled by an en-
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tropy functions(e), which implies a temperaturBE(e) defined  where, where . is the interaction range. Here we are dealing
through ds(e)/ de=1/T(e). The evolution of the internal en- with a dynamic diffusion problem on an underlying static
ergy has two contributions. The first one describes how th¢@ercolating structure. In order to have any transport of en-
friction forces contribute to the change of kinetic energy; thisergy the density should be sufficiently large, such that there
is viscous heatingln addition, the phenomenon beat con-  exists a percolating path ebnnectegarticles, spanning two
duction has to be considered, where energy or temperaturepposite boundaries of the system. Groups of isolated or
differences between particlésubsystemsproduce a flux of connected particles, which are not part of the percolating
internal energy. In Ref.23] Bonet-Avalos and Mackie have path, form nonconducting islands. So the underlying static
estimated the transport coefficients in the limit of high fric- structure is @ond-percolatiorcluster, whose density should
tion for this thermal DPD fluid, using a method somewhatnot be below some threshold densig6].
similar to that used in Ref7]. In Ref.[24] we have inves- The question is then, what is leond in this quenched
tigated the DPD fluid obeying the conservation laws of massfandom solid of point particles occupyimgndompositions
momentum, and energy, and we have calculated the full sdt;|i=1,2,...,N} and having an interaction rangg To vi-
of transport coefficients in the Navier—Stokes and energy balsualize the connected network, we connect every{pgiy of
ance equation, including kinetic and collisional transfer conixed point particles with a bond |fij| <r.. Energy can only
tributions, as well as their wavelength-dependent generalizdiop between connected particles. With this definition of a
tions. However, as pointed out in R¢8] for standard DPD  bond, we have a well-defined percolation diffusion model on
fluids, the theoretical values for the transport coefficients apa randonproximity network with aconstanthopping rate per
pear to agree only well with computer simulations at higherbond.
densities. The geometrical structure of this connected network is the
To analyze the difficulties and to develop a more accuratsame as in continuum percolation of completely overlapping
description it is of interest to consider a simplified modelspheres(see Ref.[27,28 and references therginSuppose
with heat conduction, theandom DPD solidwhich still has ~ we put black circles of radqu:%rc on every point particle.
the basic features of DPD. Such a model can be obtained byhen two particledi,j} are considered to be connected or
considering the energy conserving DPD modf24,22,  “overlapping” if r;; <2R=r., and we obtain the above con-
where the dynamical degrees of freedom of a particle) tinuum percolating structure.
={r;(t),v;(t),€()} (i=1,2,...,N), are position, velocity, and However, the dynamics of the present diffusion problem
internal energy. Byreezing and quenchiniipe velocities, the is quite different from continuum percolation diffusion mod-
particles can be characterized $tatic (random positionsr; els, such as the overlapping Lorentz ¢&$% and the Swiss
and bydynamicenergy variableg;(t), with their total energy cheese models, where diffusion occurs in the void spaces
E=2,¢(t) conserved. outside the overlapping spheref29,30, or the inverted
Consequently, thenacroscopievolution equation for this  Swiss cheese model and othg28)], where diffusion occurs
system is Fourier’s law of heat diffusion, and the system ign the complementary space—i.enside the overlapping
able to carry a macroscopic heat flux, providednacro- spheres. Such models can be mapped either on the discrete
scopic fractionof the particles is inside each other’s interac-random proximity networkinverted Swiss cheese mogler
tion ranges. For simplicity we set the conservative force®n its dual network(overlapping Lorentz gas, Swiss cheese
equal to zerdpoint particle$ and take the interaction range modelg. The big difference is that the maps of the con-
of the dissipative and stochastic forces equalrgo This  tinuum diffusion models have a wide distribution of hopping
model has been proposed[b], basically as aliscrete fluc-  rates, usually singular at small rates, because of the appear-
tuating heat equation ance of bottleneck passagil], whereas the random DPD
Transport of energy in fluids consists in generakiofetic ~ solid hasconstantor nearly constant hopping ratsepend-
transport, carried by moving particles, and instantaneou#g on the shape of the range functiaur)].
transport through the interactions, the so-caltedlisional We also note that the overlapping Lorentz gas and Swiss
transfer In the present model there is no kinetic transport,cheese models are percolating below a threshold density,
and the only type of transport is through collisional transferwhereas thelual models—the inverted Swiss cheese model
In dense fluids collisional transfer is also the dominantand the random DPD solid—are percolating above a thresh-
mechanism of transport. old density, illustrating the relevance of these models for
The basic observation is that the collisional transferlow- or high-density fluids.
mechanism can be viewed as hopping of energy across ex- In the overlapping Lorentz gas—say, in two dimensions—
isting bonds as illustrated directly by the dissipative part of the disordered network is formed by the vertices and edges

the N-particle Langevin equations—i.e., (“bonds”) of the polygons that partition space into a Voronoi
tessellatior{5,29]. Here theblocked bondsire the edges that

dEi/dt:)\oE,W(fij)(ﬁ - €). (1.1  are perpendicular to and bisect the lines of centeits a
i lengthr;; <r.. Hence, the blocked bonds in the Voronoi tes-
sellation are theluals of the bonds in the random proximity
It is essentially a discrete diffusion equation on a randometwork. Dynamical propertie@xponents, amplitudgsiear
network with bonds, to be defined below. In the previousthe threshold density will in general be different discrete
equationh is a relaxation coefficient ang(r;;) is a positive  disordered networks with constant hopping rates, such as the
interaction function, say, equal to 1 fof<r. and O else- random DPD solid, and ogontinuumpercolation models,
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corresponding to networks with a widgingulay distribution  ticles. Conservative forces are absent in this model. The re-
of hopping rates. laxation coefficientA(ij) models thermal conduction and
From the point of view of dense fluids the percolation a(ij) is the amplitude of the noise. These model parameters
phenomena are in a way just an interesting pathology of thare assumed to b&ymmetricunder particle interchange. In
random DPD solid, caused by freezing out the translationaprinciple \(ij) and a(ij) depend on the relative distancg
degrees of freedom of the corresponding DPD fluid. So theind on the internal energy of the particleand j. If a(ij)
main interest of this paper is focused omaantitativede-  depends or; ande;, then Eq.(2.2) represents multiplicative
scription of transport coefficieneway from the percolation  noise, because the internal energies themselves depend also

density. This kinetic theory problem has not received muchyn the noise. The model parameters are of the general form
attention in the literature of the last three decades, which has

been focusing on the behavior near the threshold and not on M) = Njw(ry), alij) = aywlr)- (2.3
the density dependence_away from the threshold density. The range or interaction functionsv(r) arewg(r) are posi-
So far we have described the dissipative part of the ﬂuctive; they vanish forr>r. and have a finite nonvanishing

tuating heat equation. Ah-particle state described by the 51y at the origin. Moreover, we choose the following nor-
dissipative equatiofl.1) would decay from an arbitrary ini- ,5jization forw(r):

tial state to a state afero temperaturavith all energiese;

=E/N. To make the DPD solid reach thermodynamic equi- . 4

librium one adds a fluctuating force to the evolution equa- [w]= f drw(r) =re (2.4
tion, satisfying the fluctuation-dissipation theorem. How this _ _ —_—

is done is explained in Sec. Il and the Appendix. and we will see below that the relatiamy(r)=w(r) is im-

The plan of the paper is as follows. It starts with a moreposed by the detailed balance conditions.
detailed presentation of the heat conducting random DPD To define the temperatufig of a mesoscopic particle with
solid in Sec. II, while some more general properties, such agnergye; the equation of state has to be specified, for which
the 1 theorem and the equilibrium properties, are discussete use the entropy, or equivalently, the density of internal
in the Appendix. In Sec. Il A the heat diffusivity is calcu- states. The simplest choice is the entropy for an ideal solid,
lated using a r_n_ean-field theory which _is expecteql to be exact S(e) =C, In(éley), (2.5
at large densities, where local density fluctuations can be
neglected 10,32. In Sec. Ill B the large deviations at low WhereC,=akg is the heat capacity of a DPD particle, which
densities between the results of mean-field theory and simus assumed to be a constant, independert Ghe parameter
lation are explained in terms of bond percolation on a ran<y is a constant reference energy and represents an additive
dom proximity network. In Sec. IV we derive the wave- constant to the entropy. Consequently, the temperature of a
number-dependent decay rates of the spatial Fourier modé¥°D particle follows fromds/de=1/T(e) and is given by
of the fluctuations in energy and temperature fields. The last 6=C,T(€) = aksT,. (2.6)
section is devoted to some conclusions.
The dimensionless number=C,/kg is a measure of theize
Il. DPD-HEAT CONDUCTION MODEL of the DPD particle because it scales like thember of
o , .. internal degrees of freedom of the particle. Heneeis a
The heat conduction in dissipative particle dynamics iSarge number, and subleading corrections of relative order
modelled as a_thermally conductmgench_ed rand_oreolld. 1/a will be consistently neglected in this paper.
The system is described by\=nV point particles at The total energy E-3;& has only internal energy contri-
quenched random positions contained in a volum¥=L%.  p,,tions and is exactlgonservedy construction, because the
Each DPD particle is a mesoscopic subsystem that interacigs of Eq. (2.1), when summed over, is chosen to be
with all particles that are inside its interaction sphere of ra-nisymmetric under particle interchange and therefore van-
diusrc. The only dynamical variable is the internal energy ofjshes  Consequently, the increments of the Wiener process
the particle,e;, which captures the internal degrees of free-,qqqciated with the heat conduction have to be antisymmetric
dom of _the mesoscopic particle. Its evolution equation is theaW”_ =—dW. The noise term represents Gaussian white noise
Langevin equation25,33 with a meandW=0 and with a noise strength,

de = 3T - Tyde+ Xalpdwy®, (2.0 AW, (AW, (9) = (.85 = &6 )min{dtds), (2.7)
j j

) . L i wheredWdWrepresents an average over the random noise
where the prime indicates the constrajisti. The first term g mir{a,b! denotes the minimum ad andb. The corre-
on the right-hand sidéRHS) is dissipative and specifies that ¢ponding Fokker—Planck equation for the time evolution of

a temperature difference causes flow of energy. The seconfle N particle distribution,p(X ,t), in the phase space given
term represents the Langevin force, described as Gauss%@x:{x:(r )]i=1,2 N}, reads
| 1 | L LA | 1

white noise:
ap=Lp. (2.8

Fij(Ddt=a(i])dw; (1) (22 |t the stochastic differential is interpreted according to Ito
It takes into account thermally induced fluctuations in eacH34-37 the Fokker—Planck or Liouville operatdr and its
particle, causing random exchange of energy between paadjointL" have to be written as
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i<j

L=2> 4 {A(ij (T =T+ %auaz(ij )] : L"= akghoX W(ry)[T; = Ti + keTiTjdy 1. (2.19
1<J
From the discussion in the Appendix leading to E&10) it
follows thata?(ij) and dj in Egs. (2.9, andT;T; and ; in
Egs.(2.15 arecommutingto leading order in 1d. This im-
plies that the Tto and Stratonovich interpretations are coin-
where d;=d/ Je—3l Je;. Consequently the Fokker—Planck ciding and that the stochastic differentdlV; can be treated
operator has the standard form appropriate for a multiparticles a differential in ordinary differential calculus.
Fokker—Planck equation. In the Appendix we construcan  |n the present context the Fokker—Planck equation is fre-
function and prove af theorem—i.e.g/H <0, which holds  quently referred to as Liouville equation. In the same spirit
provided the dissipation coefficienk(ij) and the noise the corresponding mesoscopic Langevin equations are re-
strengtha(ij) satisfy the so-calledletailed balancecondi-  ferred to as microscopic equations. To complete the micro-
tions, scopic description we derive the local conservation law for
2y _ . oy - the microscopic energy density. This supplies us with a mi-
a(ij) = 2kgMi)TT; and (i) =0 (L.}, croscopic expression for the energy flux. It will be used in
(2.10 the simulations to measure the macroscopic heat current and
the heat conductivity.
We first introduce the statiéquenched particle density
and the dynamic energy density, given, respectively, by

AN =2 8r-r), &rn=2edr-r). (2.16

L=> {MU)(T; _Ti)"'%az(ij)aij]aija (2.9

i<j

which implies thatwg(r):w(r), as derived in the Appendix.
Inserting this relation into Eq2.1) puts the Langevin equa-
tion into the form

1 1 oy
dT, = ——de = —— > [A(ij)(T; - Tydt
akB akB j
. Following standard arguments we derive an expression for

+ 2K\ (i) T T;dW; ], (2.11)  the localmicroscopicenergy fluxg(r) as well as for the total

where the fluctuating term represents multiplicative noise. Tdlux Q=/drg(r). A caret on a symbol denotes a mesoscopic
further specify\;; we consider a subsystem(fiere a meso- quantity. _ _ _ .

scopic particlg with energye; =C, Ty, in contact with a sec- The equation of motion for the expectation vak@ér));
ond subsystem of temperatufe. Then irreversible thermo- =e(r,t) becomes,

dynamics gives for the energy relaxation in subsystem 1,

ﬂ_(i)%_m
dt ~\c,/ dt _akB(TZ T, (212

where the specific heat of the systemGs=akg and the
relaxation coefficieni;,=akg)y is a material constant, in-
dependent of the energigg;, ¢} of the interacting sub-

selr,) = J GX(X)ap = (LT8O =~ ¥ - @O

(2.1

The last equality in Eq(2.17 shows the local energy con-
servation law. We have further used the relation

systems and proportional to the sizef subsystem 1. So we Lfe(r)=> W(rip N (T = TRLS(r —1y) = &(r —1))]
choose i<j
Nij = akgho, (2.13 == V- 2wk (Tj=T)ar —r))
which defines the relaxation parameter in the Langevin equa- Iil
tion for our heat conduction model, which reads, finally, =-V-q), (2.18

dT = E’[)\Ow(rij)(Tj - T,)dt+ \"Za_l)\oW(fij)TiTjdVV.j], and note that the terms in the Fokker—Planck oper@dsn), _
i coming from the noise, do not contribute to the macroscopic
(2.14 flux of energy. The last line has been obtained by expanding
8(r-r;) in powers of ry—ie., &r-ri+r;)=ar-r

where T;,T; may be replaced by;e;. When performing +1;;-V8(r=r)+O(V?). The total microscopic heat fluQ
simulations it is convenient to make the variables in the N A A . T
Langevin equation dimensionless; i.e., we express distancés 9'd () =Qo+Qg, consists of a dissipatiiD) and a fluc-
asT=r/r,, the time ad=\,t, the increment of the Wiener tUating (R) part [38]. With the help of the relations\;

~ — = =akg\g and €= akgT; dissipative part is given b
process asiW; =\\dW;, and the temperature &=T;/T,, *Xgho ANA&=akg i AISSIpative part1s given by
whereT,, is an arbitrary reference temperature. It follows by Qp =M\ W(rijri(e - &), (2.19
settingAo=1 in the equation above. HetB\j; satisfies the i<j

relatri]on(2.7) with g_t anddkskreplalced kaﬁ andds e the f where terms of order I/ have been neglected. We note that
The corresponding Fokker—Planck operators take the O”ﬂwe currentQp does not contain kinetic contributions, but is

L = akgho, W(ri))d;[Ti = T; + kedy TiT}1, a sum of pair contributions involving the dissipative interac-
i<j tions. This is the mechanism of collisional transfer, repre-

041104-4



MODEL SYSTEM FOR CLASSICAL FLUIDS OUT OF.. PHYSICAL REVIEW E 71, 041104(2004

senting instantaneous transfer of energy to partiftem all ~ nient in numerical simulations than the Green—Kubo formu-
particlesj in the interaction sphere defined by<r.. The las.

currentQp should be compared with the contributions to the A further consequence of ti# theorem, discussed in the
microscopic stress tensor involving the conservative interacAppendix , is the existence of a unique equilibrium state, the
tion potentials in Hamiltonian fluids. Furthermore, the ex-Gibbs' state. Its explicit form has also been determined in the
pression forQp also illustrates that the macroscopic heatAPpendix . In the main text of this paper we only need the
current is determined by the energy differen?eﬁy |e by Slngle-partlcle equ|l|br|um dlStI’IbutIOh funCtlon for the DPD
the “temperature gradient” betweepandr,. The fluctuating ~ Solid, as derived in EqA15)—i.e.,

art Qr=—-=,_.a(ij)r;;F(ij) with F; in Eg. (2.2 and{(Q
Do, e . ole) = F(f B exd-pd. (229
The macroscopic energy flux obeys the standard linear
constitutive law of irreversible thermodynamics, wherea is a measure for the number of internal degrees of
freedom. In Refs[23—-25 simulations of the equilibrium dis-
q=(qx=-AVT, (2.20  tributions in the conduction model have been performed, and

where\ is the coefficient of the heat conductivity. Combina- go.od agreement between the S|rr_1ulat|on re.su'ts and the ana-

tion of Egs.(2.17 and (2.20 with the relationse=nC,sT :ytmgl expreszmns has been obtained. F”or |_nr?tf;11nceh, the ‘C’.'m?'

— nakaST vields th tion for heat diffusi ated energy fluctuations agree very well with the theoretica
Nakg T yields the equation for heat diffusion, prediction {(d€)?=(a+1)/B?=alB?> within error bars

N smaller than 0.7%24].
” V2T = D{V7T, (2.21) Ah24]

naB

. . L I1l. HEAT CONDUCTIVITY
whereD+ is the heat diffusivity.
For later reference we mention that the heat conductivity A. Mean-field theory
can also be calculated and/or simulated usingetipglibrium The DPD model for heat conduction is expected to pro-
time correlationfunction of Q=Qp+Qg. As the energy den- duce a macroscopic behavior described by a macroscopic
sity e(r,t)=akgn(r)T(r,t) satisfies a local conservation heat equation. Our aim is to prove this assertion and to relate
equation, the heat conductivity can be expressed in ththe effective thermal diffusivity appearing in the macro-

Green—Kubo formula scopic heat equation to the model param&teand the range
" functionw(r). To do so we will use a mean-field approxima-
1 51 . & tion. We start with iori estimate of the t t coef-
r=—— | dxd®) - Q(0)), (2.22) ion. We start with an a priori estimate of the transport coe
dvksT?J, ficient.

L In a naive kinetic picture of the relevant transport mecha-
where the averag@(t) -Q(0)), is taken over the appropriate nism, used in Ref25], amounts of heat or energy hop on a
equilibrium ensemble. On the basis of the analogy betweerandom lattice with an average lattice distaheen™ and a
the Liouville and the Fokker—Planck operators in Egs15), hopping frequencyw,. This picture, based on kinetic trans-
with T, replaced byg/ akg, any of the standard derivations of port of energy, leads to a heat diffusivir%:wolg, wherewg
these formulag39,4( carries over directly to our DPD solid. is the decay rate of an energy or temperature fluctuation. As

We further note that the microscopic energy curr@t)  the decay ratesyn (see beloy, this would lead to an a

does not contain any “subtracted part’ because this moddlli0fi estimateDox "2 which does not hold for the colli-

does not have any conserved quantity with a vector charagional transfer mechanism. o

ter. such as the total momentum. As the DPD particles are quenched, therengs kinetic
For the case of general DPD fluids the Green—Kubo forfransport, but onlycollisional transferof energy—i.e.,in-

mula for the viscosity has been derived in RdfL]. Another stantaneoudransfer of energy through particle interactions.

representation of the transport coefficients, equivalent to thi akes place only over distances less than the rapgéthe

Green—Kubo formulas, is given by the so-called Helfand for-nteractions. This picture leads to a diffusivity on the order of

mulas[42,43. It reads, for the present case, Dzworg, whe_rerC is_the range of the interaction_funct_ion
w(R) and wg is a typical frequency. Folarge densities this
L 1 d 2 frequency can be estimated from the first term on the RHS of
with M given by wo = )\oz,<W(rij)> = Aon[w] = pA,, (3.9
j
M(t) = 2 &(t)x;. (2.29 where[w] is defined in Eq(2.4) and(: - -) denotes an average
' over all quenched particles. Here thmeduced density p
One easily verifies that the microscopic heat currépy, Enrg is on the order of the mean number of interacting

=L™™, in Eq. (2.22 can be obtained fronM. The Helfand neighbors withrj; <r, surrounding théth particle. The free-
formulas are generalizations of Einstein’s formula for thedom to shift constant factors in E(R.3) from Ay to w(r) is
coefficient of self-diffusion and are presumably more convedixed by the normalizatimljw]:rgi in Eq. (2.4). Thea priori
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estimatefor the diffusivity at large densities is, then, @
Mp) = Z_d)\oanz[W]<R2>w =\.(p), (3.9
D = wgf2= phor2. 3.2
which is quadratic in the density. We refer to this mean-field
value (3.8) as thesaturation or high-density value. This
value is expected to be exact when the difference between
the actual number of particles inside an interaction sphere
' and its mean value can be neglected. Héfe,—¢;)?)
=2al % denotes an average over the canonical ensemble
1 (A11) and is given by Eq(A16). Moreover, the following
q= EAOJ deldezf dRW(R)R(e, - ) f?(r,e,r —R,e,t).  relation has been used:

The estimate(3.2) will be confirmed by detailed kinetic
theory calculations.

(2.19 in terms of the two-particle distribution function
fA(ry,€1,r,,6,1), yielding

1 1
(3.3 f dRR,RyW(R) = 3% f dRR*W(R) = a5aﬁ[w]<R2>W,
The basic ansatz in thimean-fieldtheory is that the fluid
rapidly relaxes to docal equilibriumdescribed by the local (3.9

fields b(r, 1), being the temperatur@(r,t)=1/kgf(r.t) and  \yhere the last equality defines the normalized second mo-
local (quencheg densityn(r). This happens on a timescale ment (R?),, The mean-field value for thaeat diffusivity
1/wg Where wy~\gp(r) is the local relaxation rate of the yefined in Eq(2.21), is obtained similarly,

temperature fluctuations ampdr) is on the order of the num-

ber of particles inside the sphere centered.afemperature _ N @<R2) (3.10
gradients, which are smoothly varying in space, only build * nakg 2d " '

up on a hydrodynamic timescale, as described by Fourier’s . .
heat law. Becauseonservativeforces are absent in our Wheréwo=Aon[w]=Aqp is the typical decay rate of an energy
model, thelocal equilibrium pair distribution function iex-  fluctuation.

actly equal to the corresponding pair function of an ideal gas; In the literature on DPD simulations different choices of
i.e., it is simply a product of single-particle local equilibrium the range functiom(r) have been considered—for instance,

distribution functionsfo—i.e., rAda(rc— r (Heaviside,
(2) ’ ! — ’ ’
fO(r,er’,€,t) =fo(elb(r,t)fo(e' b(r',1)), (3.4 i) =+ Bd(l_rL>0(rC_r) (triangle),
which depends orb(r,t) and b(r’,t). Their explicit form Cr ()3
follows from Eq.(2.25 as Cd<1 + 3r—)(1 _r_> O(rc—r) (Lucy).
\ Cc Cc

fo(elb(r)) =n(r) (el B(r)) (3.11

— an-B(r)e
=n(NAMBI)el*e ™I (a+1), (3.5  Here 6(x) is the Heaviside or unit step function, and the
. _ d . .
where g, only depends on the temperature at the position CONStantsAq,By,Cq are normalized such thaw]=rc in d di-

of the particle. mensions. Calculation of the momen®&?),, yields, then,
To derive an expression for the heat conductivity in Eq. ( 1

(2.20), Egs.(3.33.5 need to be expanded in gradients— wol & (Heaviside,

i.e., Br-R)=B-R-VB+0O(V®)—and similarly for n(r 2(d+2)

-R). Because the integrand in E@.3) is antisymmetridan D. = Noe d+1 2 (triangle

bothR and(e,—¢;), the only nonvanishing contribution tp = Nakg | 2(d+2)(d+3) @ole g,

from £ in Eq. (3.4) must be linear iR ande,. The result is d+3
2
re (Lucy).

J L2(d+5)(d+6)w0° ( y)
fo(elBr —-R)) = -n(R -V ,3)9/10(62);3”1 Pol€) (3.12
—ne(R -V B)ie). (3.6 Before concluding this subsection we make a number of

o ) N _ comments. If we would have chosen a normalizatiow@?,
Symmetrizing the last expressiog,— 5(e;~€), and insert-  gitferent from Eq.(2.4—say, W' (r)=Cw(r)—while keeping
ing this in Egs.(3.4) and(3.9) yields after some algebra, for the ynit of time fixed, the diffusivity would change ®’

the heat current, =CD. We recall that the heat current in E@.3), which is
based on the mechanism of collisional transfer, establishes
q=- Ekoanzf dRW(RRR - V T X (& - €)% itself instantaneouslyi.e., a high-frequency limit occurring
4 on the fast timescale i, because pair interactions transfer
—-AVT, 3.7) energy instantaneously betwegnandr;, wheneverr; <r..
Such heat currents only occurdensesystems, and they are
yielding a mean-field prediction for theeat conductivity nonvanishing in a state of local equilibrium. On the other
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hand, kinetic transport of energy, carried by moving par-perature of the particles i€T},o—Teoig)/2. Another relevant
ticles, establishes itself only on the slower hydrodynamicquantity is themean number of interacting neighbengr)

timescale. =(¥), inside the spherg; <r, where
We add a technical remark. In general the heat flux in Eq.
(3.3 would also pick up contributions from the additional V= piwg = E'e(rc—ri,-),
gradient terms in the single-particle distribution functions in i
Eq. (3.4,
u(ry) = nwyrd = pwy (largep). (3.14

f(x) = fo)[1 +H(&|Br)) VB(r) +---]1. (3.13

with i=1,2, which would have to be added to E®.4).
However, such terms contribute to the heat fpanly terms
of O((VT)?) and O(V?T) because of the parity iR of the
integrand in Eq(3.3).

Next we note that the result8.10 and(3.12 above are
in qualitative agreement with the a priori estimat®,
= wor2 in Eq. (3.2. The expressions foby in Egs. (3.10
and (3.12, with physical dimension4.?/t, has the typical

Herep is the reduced density, ansly= 7%2/T"(1+d/2) is the
volume of ad-dimensional unit spheréd=1,2,...). The
fluctuating variable$,=wyp; are subject to large static fluc-
tuations, especially eamalldensities, and are distributed ac-
cording to a Poisson distribution.

We perform a series of simulations by numerically inte-
grating Eq.(2.14 with a given temperature gradient and
compute the macroscopic heat flux in the steady state. The
time required to reach the steady state increases with de-

structure of a diffusivity—i.e., a collision frequency multi- creasing density and evelivergesas the density approaches
plied by the square of the interaction range over which a thresholdvalue, to be discussed below. The heat flux is

feenrergy is transported by the mechanism of collisional trans(':alculated with the help of definitiof2.19. This expression

Finally we note that the heat diffusivity and the typical involves a large number O.f paurs of pa”'c"?s \.Nh'Ch guaran-
. . tees reasonably good statistics. If the density is not too close
frequency wy are proportional to the reduced densipy, he threshold. the simulati h i
=nrd, whereas the heat conductivity, in Eq. (3.8) is pro- to tﬂe L resho 'ht © smp]u at|k())nshs ow a (;rjea:j tsmlgera_ture
o . (3. )
portional to p?. In the DPD fluid with viscous dissipation, profile between the two heat baths, as predicted by Fourier's

studied in Ref[10], there are of courskinetic contributions Iaw..The measured heat.flux Is found. to be linear in the
. . ’ . applied temperature gradient, from which the heat conduc-
to the viscosity as well, apart from the collisional transfer

D . C . . tivity can be extracted. Therefore, since this linear relation
(ct) contribution to the kinematic viscosity,;~ p, being a b dV.T has b firmed by the simulati
diffusivity, and to the shear viscosityy~ pv~ p?. Also in et\_Neean andV,T has been confirmed by the simulations,
the Enské theorv for a dense fluid 012 hardms héﬁésimi- a single measurement of the macroscopic heat flux for a
lar coIIisiogr]1aI trali/sfer contributions to the trgns ort coeffi—given gradient suffices to obtain the thermal diffusivity. Sta-
cients are present, sometimes referred to airmanptaneous tistical errors can be estimated by making an average over

present, ; several independent runs. In principle, alternative ways to

transport coefficients,.,\.., for the reasons explained

> . .~ _measure the heat conductivity would be to simulate the
above. Thep=-density dependence of the heat conductivity in : S
: ; g Green—Kubo formuld2.22 or to set up a sinusoidal intitial
Eqg. (3.9 is a direct consequence of the collisional transfer,

mechanism. For sufficientlfigh densities, the heat flug is temperature fieldr;(0) and to measur®r from the decay

proportional to the local density of interacting pairsp?, ratle:;féfa(re ;S:iﬁtlar'[edrlgpc)ﬁrszﬁgfsgé]|s convenient to introduce
and the heat conductivity is given by its saturation value

)\x(p). in Eq. (3:8). This prediction holds whel_"n the typical Rq(p) = D(p)/D.. = N(p)/\..(p). (3.15
density fluctuationgp ~ vp can be neglected with respect to ) ) o
the mean valug. We first consider the transport properties in the three-

dimensional(3D) heat conduction model and use the simu-
lation results, obtained in Ref$24,25, where the range
functionw(r) was chosen to be the Lucy functi¢®.11), and

In our simulations we use the Langevin equatigri4) to  we compare the measurements with the analytic predictions
determine the dynamic properties of the system. The physi3.12), as shown in Fig. 1. The simulation results were per-
cal system is assumed to bedadimensional cubic box of formed with random spatial configurations. They approach
volumeV=L¢ with a cold and a hot wall at=0 andx=L, the theoretical predictions &igh densities. However, as the
respectively. This is achieved by putting two extra layers ofdensity decreases, the rakg rapidly decreases, almost by a
particles at each boundary, filled with particles at a constanfiactor of 2 at the lowest densities simulatéa=3.8). In
temperature. The layers have a widthto ensure that any these measurements averages over different values of the pa-
particle inside the system interacts on average with the sammameterdN anda have been taken at fixed reduced dengity
number of neighboring particles. Therefore, these extra layBoth N and « should be sufficiently large to reduce the
ers act aghermal bathswhich are prepared at temperaturesfinite-size effects and improve the statistics.
Teolg @nd Ty sUch that a gradien o~ Teo0) /L is applied to A consistent explanation for these large deviations seems
the system. In the remaining directions we impose periodid¢o be that the mean-field theory does not take into account
boundary conditions. Initially the box is seeded wiNthme-  the local fluctuations in the actual number of particlgsin
soscopic(point) particles located at random, surrounded bythe interaction sphere around particle These fluctuations
overlapping interaction spheres of radiysThe initial tem-  are particularly large at low densities. To test this working

B. Simulations and conductivity threshold
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FIG. 1. Simulated values of the thermal diffusivitis(p) FIG. 2. 2D simulations of the dimensionless heat diffusivity

=D+/D., versusp for the 3D heat conduction model witki=10° DT(p)/)\org plotted versug to test the mean-field predictidd..(p)
DPD particles. Results from off-lattice simulatioi®) and on-  in Eq. (3.8) (dashed ling valid at high density. Labelg\ and @
lattice simulations(A) are compared with the mean-field value refer to the random solid, respectively, with and without Langevin
(3.12 (dashed ling At p=3 and 27 the system sizes are, respec-force in systems with toand 18 DPD particles.H refers to the
tively, L/r.=(N/p)'3=6.9 and 3.3, which is rather small, and Heaviside weight function.

strong finite-size effects are to be expected.

hypothesis we place al particles on a completely filled percplatio_n thresholgl._NevertheIess, determin_ing the_value of
cubic lattice with lattice distande=(V/N)3, thus suppress- Pc With higher precision becomes more delicate since the
ing all local density fluctuations. The resulting measurementéequ'red. times for equilibrating the system are diverging as
are represented in Fig. 1 bi's. Note that this suppression PP Simulations show that the approach to the expected
of density fluctuations considerably extends the agreemeni’€ar temperature profiles at=4 is relatively fast(relax-
between theory and simulations toward lower densities. Thation time t;=300. But these times increase for smaller
on-lattice simulations support our working hypothesis, andlensities, forp=1.6 (tp=2.5X10% and for p=1.4 (t,
the observations are consistent with the good agreement &t10°). The profiles at the times of measurement are shown
high densities, where fluctuations jn are small, but a the- in Fig. 4. Furthermore, Figs.(8) and 3c) show the very
oretical explanation of thp dependence of the heat conduc- slow crossover of the conductivity at largeto the mean-
tivity of our original random solid is still lacking. The im- field result, where density fluctuations are small.
proved agreement between theory and simulations was here The corresponding threshold in three-dimensional con-
obtained by modifying the model. Further modifications oftinuum percolation ig,=0.652 96. This value is not incon-
the random heat conducting solid model to suppress the localistent with the low-density extrapolation of the three-
density fluctuations were introduced in Rp5], but do not  dimensional heat diffusivity in Fig. 1, but simulation data for
increase our understanding of the density dependence dfe three-dimensional random solid, sufficiently close to the
D+(p) in DPD fluids and solids. conductivity threshold, are lacking in the simulations of
To test these concepts the simulation results for the thredRefs.[24,25.
dimensional model in Fig. 1 are not very suited, because the To further analyze the observed density dependence we
existing three-dimensional simulatiof#4] suffer from large  show in Fig. 5 the function 1R,(p) on a log—log plot. The
finite-size effectdL/r.=3.3 or 6.9. Furthermore, the range plot strongly suggests that the subleading correction to the
function w(r) was taken to be the Lucy function in Eg. heat conduction at large has the fornR,(p) =1—-A/p with
(3.1, which gives larger weights to shorter bonds. To opti-A=1.2, but an analytic calculation of the quantity is lacking.
mize the similarity with the classic bond percolation prob-The deviations from the above asymptotic form, shown at
lems, we give all bonds equal weights by takinfr) as the largep in Fig. 5, are finite-size effects. The simulations on
Heaviside function. Moreover, to make the simulations lesghe top curve(+), middle curve(A), and bottom curvé(])
demanding, we have carried out simulations of our heat coninvolve, respectivelyN=10% 5x 10% and 18 particles. IfN
duction model in two dimensions. Figure 2 shows the goodncreases from 10to 1 at fixed p (say, p=50), the system
agreement between the two-dimensional simulations angize increases from/r,=N/p=14 to 44 and the finite-size
mean-field theory at high densities, as also observed in theffectsdecreaself N andp increase by the same factor, the
three-dimensional simulations both of Fig. 1, as well as infinite-size effects remain of the same order, and if the density
Fig. 1 of Ref.[46]. However, at lower densitieB+(p) de-  increases fronp=50 to p=120 at fixedN (say,N=10%, the
creases faster than linear, as shown in Fig. 3. system sizedecreasedrom L/r,=14 to 9 and the corre-
To display the connection to percolation it is instructive tosponding finite-size effectincreasein Fig. 5. The small
plot Ry(p)=D+(p)/D..(p), as shown in Fig. 3. The plots three-dimensional systems seem to be dominated by finite-
strongly suggest the existence of a conductivity thresholgize effects, which appear already before the subleading term
pc=pp Where p,=1.436 29 is the threshold value of two- A/p becomes dominant.
dimensional continuum percolatid@7]. It is also of interest to illustrate another effect on the heat
Figure 3 shows that in our model the conductivity thresh-diffusivity of the fluctuations. The expected coverage with
old 1.4<p.<1.5 which agrees quite well with the known “black circles” (see Sec.)lor the black surface fraction at
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10 F-mmmmeee- e A A " FIG. 4. Temperature profiles at times of measurement. d~or
P A ¢ | =3 a steady linear profile is reached, but this is not the case for
0.8 666A - p=1.6.
o6 4 T spatial fluctuations in the conserved local densities at differ-
[ 102 a l ent wavelengths,\=2w/k. Their decay rates depend
O 4 + H, o= 10 ] ) 4 !
'} H, determ. o ] strongly on how the probing wavelengtkize of colloidal
02 L Mean Field -------- i particles, polymers, pores, etcompares to the range of the
| o ] DPD forces. These decay rates can be expressed in terms of
0.0 e L L L L k-dependent transport coefficients. The wavelengths cover
0 5 10 15 20 both the standard hydrodynamic regime as well as the meso-
(b) P scopic regime.
, , , , A classical methodl47] to analyze the full hydrodynamic
1.0 oo ‘..ogono{ regime is to determine the eigenvalugecay ratesof the
0.8 ] Fourier modes of the linearized Boltzmann equation and
' ] identify the k-dependent transport coefficients from the de-
06 4 cay rates. This method is particularly useful if there exist
5 : intermediate length scales in the probledd], as is the case
04 H, a=10 A ] here
H, determ. e ] : ) . ) ]
0.2 Mean Field -------- ] The Fourier modes of spatial fluctuations decay like
' ] exgd—¢(k)t] and may be divided intsoft (slowly decaying
0.0 L L L L hydrodynamic modes antard (rapidly decaying kinetic
20 40 60 80 100 modes. The former class has a vanishing decay ite,
(©) P —0)«k?, in the long-wavelength limit, and corresponds to a

) _ - conserveddensity. The latter class consists of hard kinetic
FIG. 3. 2D simulations of the heat diffusivifg;(p) plotted ver-  ,0des with a decay ratk— 0)=const. Generalized hydro-

susp. (a), (b), and(c) show, respectively, the behavior near thresh- 4 2 micq concerns the study of soft modes of fluctuations of
old, the crossover, and the approach to the saturation value at Iarg cally conserved densities ati wave numbers

P ;’e'i/?(;udsef‘limljlrzns of symbols and parameter values we refer to the It is the goal of this section to calculate the dispersion
P gure. relation of the relaxation raté&(k) of the soft heat mode in

reduced density is go(p):l—eX[{—;lﬂTp] and the white sur- 1 T
face or free volume fraction is e&ﬁ;llﬁp] [27]. Then atp b = ]
={1.436 29;20;10pthere are in each black circle on aver- I a,
age %Wp—l:{0.13;14.7;77.}3 excess particles, and the I

Q.
white  surface fraction l¢(p):exd—%ﬂp]:{0.32;2 EE“ 01 F EL""+ 3
X 10778 10735 becomes extremely small with increasing = N A1é8 T W A
p, Whereas the corresponding simulated value of the heat [ Nesd0? a i .,5z;;;;
diffusivity is still a sizable fraction, 1Ry(p) FN= 105 ® Rt
={100;10;3%, below its saturation value. ooy LN=2M0, L o L e
1 10 100
p=n rc2

IV. GENERALIZED HYDRODYNAMICS
FIG. 5. The plot shows that the dominant correction to 1

In this section we further explore the analogy between-Ry(p) behaves in 2D-liké\,/p with A,=1.2. The data refer to the
fluids and statistically disordered solids, using kinetic theorydeterministic casévanishing Langevin forgewith the Heaviside
Generalized hydrodynamics describes the decay of smalleight function.
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our model, which corresponds to the locally conserved en- f(2>(r,€,r',6',t) = f(r,et)f(r', e t). (4.3

ergy density. The behavior of this mode will depend on how .

the wavelength of the disturbance compares with the relevar’® Fokker—Planck-BoltzmantFPB) equation for the

length scales in the system. s!ngle-partlcle distributiorf(x,,t) is then obtained by com-
The relevant length scales in the heat conduction modd?ining Egs.(4.2) and(4.3. _ _

are the macroscopic system sizethe interparticle distance Ve are specifically interested in studying the decay rates

nd and the range of the interaction forces The ratio of the Fourier mode, here the heat mode, as a function of the

L/r. controls the finite-size effects, and the reduced densityvave numbek [47]. So we study the decay of small devia-

p:nrg is the only dimensionless parameter that controls th&ions from thermal equilibrium. This can be done by linear-

dynamics of the problem. izing the FPB equation around the equilibrium distribution
The basic distance to determine whether a perturbation dHnction (2.29, fo(x)=nyp(e)—i.e.,
wavelength\, decays according to standard hydrodynamics f(X4,t) = Ng(e)[1 +H(xy, 0], (4.4)

with constant transport coefficient is the range-i.e., for _ _ o
AT, the decay of the heat mode j&k) = k2D, whereD; ~ WhereH(x;,t)=H; is a small quantity. This yields
is the standard heat diffusivity. In general, however, it decays

as dhipo(€r)Hy = nf dx,T(12) gho(€1) ho(€2) (1 +Pr)Hy,
(k) = Dr(k)K?, (4.1 (4.5

with a k-dependent heat diffusivitip(k) that approaches the where the permutation operat®t, interchanges the labels

constant transport coefficiei; as k—0. As soon as the of the two particles—i.e.P;jh;=h;. Higher terms than first

wavelength\, is comparable ta., the transport coefficient order inH(x;,t) have been neglected. We are interested in

D+(k) becomesk dependent. This range of excitations is the Fourier modes of Ed4.5), defined as

called generalized hydrodynamics. The method to study gen- ARtk

eralized hydrodynamics in the heat conduction model is es- H(x,t) = e hik, e), (4.6

sentially the same as the one followed in Rgf4] for a  wherek is the wave vector of the Fourier mode af(#) its

lattice gas cellular automaton model of the van der Waalglecay rate. The allowed wave numbés27n,/L with o

equation or in Ref[32] for standard DPD without energy =x,y,... andn,=0,+1,+2 ... are determined by the peri-

conservation. odic boundary conditions. Substitution of E¢.6) into Eq.
To set up the kinetic theory we start with the linearized(4.5) yields the eigenvalue equation

Boltzmann equation. To derive it we follow the method of

Ref.[10], dealing with dissipative particle dynamics for vis- [£(K) + A(k)]o(e)h=0, (4.7)

cous dissipation. So we start with the first equation of theyhere the operatoh (k) is defined as

Bogolinbov—Born—-Green—Kirkwood—-YvofiBBGKY) hier-

archy of the 1-,2-...,n-particle reduced distribution func- —

tions f(x;,t), f@(X;,%,1),... with phasex,={r;,e}. This is Alk)iho(ephlk, &) = nf oxzT(12) (e dol<2)

done by integrating thé\-particle Fokker—Planck or Liou-

—iker
ville equation,dp=Lp with L in Eq. (2.15), over the phases XA +eePhtk,e). (4.8

X2,X3,...,Xy- The result is As a preparation to solve E@4.8) we simplify the above
expression, by using the relation
af(xq,t) = f dxT(12)f2 (%, X,,1) T(12) o €1) o €2)B(X1%0)
= akEAW(1 1) 15T 1 Totho( €1) Yol €)1 B(X1xy)
= akghg f dr pdexdy W(r 12)[ Ty = To + kgT1Tod1,] (4.9
xf(2)(renr,- R ent), (4.2) where B(x;,X%,) is an arbitrary function of the phases. This

simplification combined with the relations;=akgT; and
whereT(12) is the two-particle Fokker—Planck operator, de- wp=p\g gives for the collision operatd#.8),

fined throughL =% ;T(ij) in Egs.(2.19. Note that---] in L

of Egs.(2.15 have been replaced ly--] in Eq. (4.2). This AK) ¢p(€1)hy = (wpl @) f desdq €1 610(€1) ol €)
implies that the correction of relative(1/a@)to (T;—T,)(1

-1/a) has been neglected for consistency. Eq2) is not a Xl 1 +W(K)Pyolhy, (4.10

closed equation since the time evolution of the one-particle . .

distribution function is expressed in terms of the pair distri-Where the Fourier transform o¥(R) is

bution function. In DPD models with their softly repulsive

interactions it is in general a reasonable approximation to de exd - ik - RJw(R) =w(k) = [w]W(k). (4.11)
assumemolecular chaoswhich expresses the statistical in-

dependence of the energy fluctuations in different particle®What remains to be done is to solve the eigenvalue equation
[10]—i.e., (4.7). It is a simple matter to verify that(k—0,e)=1+«
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FIG. 6. (a) Decay rate of the 3D heat modgk)=D+(k)k? in
units of wy and(b) heat diffusivityD(k) =D1—k?By+- - - in units of
worg, plotted versuskr.. Solid lines in(a) and (b) are calculated
with the Lucy function in Eq(3.11) and «=100.

- Be is an exact eigenfunction of(k), and substitution in
Eq. (4.10 yields the eigenvalue

{(K) = w[1 = W(K)]. (4.12
For small k the k expansion of W(k) gives W(k)=1
- (1/2d){R?), K>+ O(k*. For large k the termW(k) — 0 due
to the rapid oscillations of eXpik -R]. So its limiting be-
havior is

(K) =Dr(k)k?= Dk —Brk*+ -+ forkro<1,
¢ = Drllok= wo for kre>1,
(4.13

whereD+ is the standard heat diffusivity arig} the so-called
super-Burnett coefficient. Heflg1 coincides with the mean
field resultD., in Egs.(3.10—4.12), and

wo

By=———
77 8d(d+2)

(Rw, (4.14

with wg=p\o. The form (a+1-Be) of the eigenmode con-

PHYSICAL REVIEW E 71, 041104(2004

( 1
J dxxw(x)Jo(gx)
0
1 (d=2),
f dxxw(x)
wi={ " (4.19
f dxxw(x)sin(gx)
- (d=3),

1
q f dx>w(x)
\ 0
where g=kr. and Jo(x) is the zeroth-order Bessel function.
Note thatW(k) is a nondecreasing function kffor the Lucy
function and an oscillating one for the Heaviside function.

It is also worthwhile noting that the calculationsBf in
this section and those in Sec. Il B give identical results,
although the structure of the calculations is very different. In
Sec. lll B the heat flux is calculated in a state of local equi-
librium, which is fully factorized because conservative forces
are absent. In this section, on the other hand, we have de-
rived a Boltzmann equation for the single-particle distribu-
tion functionH(x;,t), based on the molecular chaos assump-
tion, and we solved the eigenvalue equation for the heat
mode to obtain the eigenvalue or decay réte) =k?D; at
long wavelength. As the molecular chaos assumption also
neglects the spatial correlations between colliding particles,
the kinetic theory results are also mean free results. As dis-
cussed in Sec. Il for the formul®.10, also the resul{4.12
is only valid at high densities.

V. CONCLUSIONS AND PROSPECTIVES

One of the most interesting prospects of the present paper
is that the DPD solid and the Lorentz gas are relatively
simple many-particle systems that can be used to develop
kinetic equations for classical fluids that go beyond the
mean-field Boltzmann equation. Moreover, they enenple-
mentaryto one another insofar as the mechanisms of trans-
port are concerned. In the Lorentz gas ikisetic transport
In the DPD solid the mechanism llisional transfer In
classical fluids both mechanisms are present, and the former
is dominant atow andmoderatedensities; the latter is domi-
nant in dense liquids.

In the Lorentz gas many-particle resummation techniques
have been developed that account for the collective effects of
ring collisions—i.e., sequences of dynamically correlated bi-
nary collisions—that led to the log dependence of transport
coefficient[1] and to the power-law long-time tails in the
velocity autocorrelation functiof2].

In the present DPD model we have firmly established by

firms that this mode is indeed the soft mode of interest, corelaborate computer simulations that mean-field theory gives

responding to the conserved energy.

essentially exact results for the transport coefficients at very

At large k the heat mode becomes a hard kinetic modehigh densities and that the faster-than-linear decrease of the

with a constant decay raté(k— o) =const. This behavior is
shown in Fig. 6, where the relaxation rafgk) and the gen-
eralized heat diffusivityD(k) in Eq. (4.12 are plotted ver-

sus kr. for the three-dimensional case. The Fourier trans-

forms W(k) can be calculated by using the formulas

heat diffusivity,D+(p) =D..(p){1-A/p+---}, is caused byo-

cal density fluctuationsThis was done by comparing on- and
off-lattice spatial configurations of particlésee Fig. 1
Consequently, it is to be expected that applications of ef-
fective medium theory48,49, which is equivalent to the
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self-consistent ring-kinetic equatidd0], and its extensions about continuum percolation problems and J. Machta for
to classical fluids, would provide systematic methods for calhelpful correspondence. M.R. thanks Gerrit Vliegenthart for
culating transport properties, starting at trigh-densityside  valuable discussions. M.R. also acknowledges financial sup-
of the density spectrum. port from the Ministerio de Ciencia y Tecnologia under
Furthermore, as the densipydecreases the heat diffusiv- project No. BFM2001-0290 and the German Research Foun-

ity rapidly decreases to zero at a threshold dengifyoelow  gation (DFG) within the SFB TR6.
which the heat conductivity vanishes. The existence of a heat

conduction thresholg, is explained as a dynamic percola- APPENDIX: H THEOREM AND EQUILIBRIUM STATE
tion phenomenon and identified with bond percolation on a
random proximity network. The dynamics on this discrete ..~ s A
network E differgnt from diffusion gn the continuum perco- equilibrium d'St.“bUt'on.' We show th‘?‘t the'functldﬁi IS a
lation structures, although the geometrical connectivity propLyaPunov functional withy# <0 and investigate the impli-
erties of the discrete and continuous percolating cluster argations of this result for the equilibrium solution of the
the same. The threshold is identified with the two-Fokker—Planck equation.

In this appendix we prove ai theorem and analyze the

dimensional percolation threshojg=1.436 29[27] of con- ~We consider the following functional of th&-particle
tinuum percolation of overlapping spheres, and its valuedistribution functionp(X),

agrees well with the known conductivity thresheidin Fig. S(X)

3(a). So the simulation values for the heat conductivity agree Hlp] :f dx{m p(X) = —]p(x), (A1)
both at high and low densities with our theoretical analysis ks

of the heat conductivity. Our older three-dimensional simu- . .
lation data for the hea¥ conductivity of Rg24], shown in where S(X) =2's(€)), s(¢) is the one-particle entropy func-

Fig. 1, are not inconsistent with the existence of a conduction: and < is the total entropy of thé\-particle system.
tivity threshold p,, at the 3D percolation threshold 0.652 96 Similar results have been obtained in R¢f0,24,53.
[27], but simulation data are lacking close to the percolation The time derivative of the functional in E¢AL) is given
point, and presumably show strong finite-size effects, causeirough the Fokker—Planck equation

by the small systems used in the simulations. SX)
We have further extended the kinetic theory to the regime OH = f dX[In p(X) - —:|(9tp(X)
of generalized hydrodynamics by studying the wave-number- ks
dependent decay rates of the Fourier modes of the tempera- S(X)
ture fluctuations. The decay ratgk)=k’Dr(k) of these = f dXp(X)LT| In p(X) - o
modes depends strongly on how the probing wavelength B
(size of colloidal particles, polymers, pores, gtimpares to
the range of the DPD forces. So there are several possibilities = _J pr(X)E AijBij, (A2)

for applying the generalized hydrodynamics results, apart =
from the applications, already discussed in Sec. IV, in modavhere we have performed partial integrations and introduced
coupling theories, and in analyzing finite-size effects wherghe symbols

the discreteness of the allow&dvalues has to be taken into

account. In the limit of long wavelengths the heat diffusivity A= aij[m p(X) -
D+(k—0) reaches the constant value given by the standard

Chapman—Enskog theory. When the wavelength of the per-

turbation is of the same order of magnitude as the rapgé . 1 o
the forces, the heat diffusivity, predicted by the generalized Bij =Ni)(Ti=T)+ Eﬂij[a (ij)p]

X 1 1
0]y Ly L
kg kgTi  kgT;|

hydrodynamics, decreases significantly below its long-

wavelength value. Here we also mention the application of 1 )J2aipTm i1 1 -

our k-dependent transport coefficients smoothedDPD =5a (ij)p ) \T T +a; Infa(ij)p] (-
[51]. The goal of such methods is to discretize macroscopic J :

nonlinear partial differential equations—here Fourier’s law (A3)

for heat diffusivity—and to solve them with molecular dy-
namics codeqsee Ref.[52]). The finite-size effects, dis- .
cussed in Sec. lll B, are in smoothed DPD, as well as in thé('eldlng

related smooth particle hydrodynamif®4], measures for

controlling the discretization errors. The authors of R&1] aH = ‘f
have measured and analyzed the decay rétesof sinu-

soidal temperature profiles in our heat conduction modelwhich guarantees thatH in Eq.(A2) is nondecreasingThis
from which the values oD+(k) are extracted, and compared is the desired theorem. There are two possibilities to real-
with our results forD+(k), as presented in Sec. IV. ize this. Thefirst one is to choose

ACKNOWLEDGMENTS a’(ij) = 2ke\ (i) TiT},  ¢;@%ij) =0 (Ofi,j}). (A5)

The authors thank Pep Espafiol for useful discussionsThese conditions are referred to dstailed balancecondi-
M.H.E. thanks R. M. Ziff for his extensive explanations tions. A solution of the last equation is

The strategy is to make the factpr-} in Bj; equal toAy;;,

1
dXp(X)> SEDAY?=<0,  (A4)

i<j
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2(ij) = 2k (i ) TV T = &(ij) = 2kgw(r;) )F(T, + T)). 1 1 _
a’ (”) B (IJ) ] K(”) BW(r J) ( ]) (AG) (ﬁo(fi) - Tﬁ)g(ei)exd_ ﬁei] - Tﬂ)exdkBls(ei) _ﬁei],

Herew(r) is the range function defined in E(.3), which (A13)
implies ws(r):\,rwér), andF(x) is some positive function of - where the factog(e) =exgks's(e)]e € is the degeneracy
x—e.9.,F(x)=xkox™" (n=0,1,2,..). This is the solution used  factor or the number of internal states having eneegyin a

in [24,25,53. With the help of Eqs(2.3) and (A6) the tem-  mesoscopic picturg(e) is the number of internal states of
perature relaxation equation would take the form the mesoscopic particlehaving energye. The normaliza-

tion factorz(B) is
e (rammm-Ty, A .
akgTy T,
z(B) = f de expkg's(e) — Be]. (A14)
0

with n=0,1,2. Although mathematically acceptable, this tem-
perature relaxation equation is not in agreement writs-
versible thermodynamics

Next we discuss theecondset of solutions. To do so we
drop the second requirement in E&5), and write the term

This factor corresponds to the partition function of a single
mesoscopic particle.
For the DPD solid, where the entropy is given in Eq.

{--}in Eq. (A3) as (2.5, the one-particle equilibrium distribution function be-
comes
1/1 1 ..
{“‘}:—<———) +d; In[TiT;A(ij)p] _ o
ke \Tj i Pole) = (Be)* expl - Bel, (A15)
1 N1 1 IN'a+1)
= k_<1 ‘;)(‘_ - ?) + 3 In \(ij) + g In p. whereI'(x) is the gamma function. For later use we also
B oo quote the moments afy,
(A8)
. . . INa+n+1) _
As explained below Eq2.6) « is alarge number, measuring (€= | de ple)e"= F(—+1)B " (A16)
o

the number of internal degrees of freedom of a DPD particle,

and (1-1/@) should be replaced by 1 for consistency toin particular
leading order in 1&. Now the expressiof --} in Eq. (A8) ) 5 5 )
can be made equal t8; in Eq. (A2) by choosingA(ij) ((86)®y=(&)~(e)?=(a+ DI = al®. (A7)
independenbf the internal energies of the interacting par- The parameteg is related to the total energy of the syst&m
ticles, and inagreementvith the laws of irreversible thermo- through the relation

dynamics(2.12 and(2.13. Then the second set detailed

iti E al +1
balanceconditions becomes E__2dln z(B) _ (a+1) — B, (AL8)

a2(ij) = 2ke\(i)TiT;,  A(ij) = akehw(ry).  (A9) N B B

We also quote for later reference that both sets of detailedN€ last equality has been calculated by considering the en-
balance conditionéA5) and(A9) guarantee the commutation tropy function(2.5). Furthermore, the following average can

relation be calculated:
a%(ij)a; = a;a2(ij) + O(1a). (A10) 1 _if as(e) g
j = Y] <Ti>ﬁ_ 28, de e exfkg's(e) - Be]l =kgB

TheH function in Eq.(A4) keeps decreasing and reaches
a minimum, if and only if the partial differential equations, (A19)

A;;=0, are satisfied for afli,j}. The solution of these differ- for all hat this relation i lid 1 |
ential equations determines the equilibrium distribution. As/O" @l 1. Note that this relation is valid for a general entropy

the particles are point particles, thé¢particle distribution functlo_rl. It allows one to define the macroscopic lemperature
factorizes, T asT =(T; ") where3=1/kgT is the inverse macroscopic
temperature in thermal equilibrium. For the special choice of
pedX) = %H dole). (A11)  EG. (25, it is also interesting to point out thafT)=[(a
i +1)/«]T=T, this is the relation between the macroscopic
temperature and the average temperature. As discussed be-
low Eg.(2.6), a scales like the number of internal degrees of
freedom and therefore>1.
an 1 aIn iy 1 The discussion above deals with fluctuations indimgle-
T de KT = e KT =-B, (A12) particle energies, calculated in the canonical ensemble. In
' B I B [24,25 it was shown that such fluctuations, calculated in the
where g is a constant with dimensions of an inverse energymicrocanonical ensemble, give the same results, provided
By using the relationds(e)/de;=1/T,;, integration of Eq. is large. This condition is always satisfied as DPD particles
(A12) yields are mesoscopic objects.

Combination of these differential equations, with E411),
yields, for all possible pair§j),
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